Introduction.
If F={|z| = l} and A is a normalized Lebesgue (arc length/277) measure on F, then the Gelfand maps and the Riesz representation theorems permit the isometric and isomorphic identification of F°°(A)* (the dual space of F00) with MiX) the space of finite Baire measures on the maximal ideal space X of the Banach algebra L°°. The measure m0 in MiX) represents the linear functional f r The author's initial proof of Theorem 1 used the fact that L\X) is weakly sequentially complete. However, Theorem 1 may be proved independently of this well-known theorem and used with a technique of J. P. Kahane to, in fact, prove it, in turn. First suppose p is a measure in MiX) with the Lebesgue decomposition dp = CE dm0 where CE is the characteristic function of a closed Gâ set E^X. The sets of the form U={x e X\CK(x)=l, Ka T is A-measurable} form a basis for the topology of X [2, pp. 169-170]. This together with Urysohn's lemma insures the existence of a sequence ûn e C(X) with lim ûn = CK. By (1) and the bounded convergence theorem for all h in L00, (4) lim hun dX = lim h~ûn dm0 = h dp.
Since/->/is a ring and lattice isomorphism
The completeness of L2(X) lets us choose a subsequence and a <f> in L2 with lim un=<f> a.e.-X. Now the bounded convergence theorem shows that the left-hand side of (4) converges. (5) h<f>dX = \ h dp, heLK.
Jt Jx
Consider the set M = span{CE dm0 \ E (closed G3) <= x} c M(X).
If j is the natural embedding of L1iX) into its second dual LX(X)* [1, p. 66], we have shown that the image of j(Ll(X)) under the dual Gelfand map (3) contains M. Hence it contains Lx(m¿) since y is another isometric isomorphism and M is a dense subset of ¿'(w,) (the latter to be thought of as those measures in M(X) absolutely continuous with respect to m0).
(Observe at this point that if the weak sequential completeness of L1(X) is assumed true, (4) allows us to assert directly that (f> e L1(X) exists with (5) holding.)
Since, by (5), L»dx-L¡dp feU\X), taking the supremum over those/with ||/||oeiÎl shows ||<^Hi=||^|lx-Conversely let <j> e LxiX) and p e MiX) represent F¿: (6) F*(g) = -L g<f> dX = \ g dp, geL* Let F<= X be a closed Gó set with wo(F)=0. We shall show piE)=0, and thus ^«w0. There is a sequence {û" e C(X)\n=l,2 ■ ■ ■} with 0SûnSl and lim un = CK. Since w"^0, «"2:0 a.e.-X. From (1), 0 = m0(E) = lim ûn dm0 = lim |«J dX.
Thus un converges to zero in L1^). Taking a subsequence suppose un converges to zero a.e.-X.
By the Lebesgue dominated convergence theorem and (6) we see 0 = lim un(¡> dX = lim û" dp = p(E).
This ends the proof. (a) lim dp = a ^ 0. The rest of the argument parallels that of Kahane in [3] to show ß=0.
3. Comments. It is hardly surprising that Kahane's methods yield the weak sequential completeness of T.1 since his work was an effort to decide the question: "Is LllHx weakly sequentially complete?" This question has since been answered affirmatively by Michael C. Mooney [4] .
The series forming s in (7) is a useful construction. A modification of this series is used in [5] to develop the existence of certain interpolation sets.
Theorem 1 extends to the case of an arbitrary cr-finite measure X; the arguments in [2] are valid without requiring the special properties of Lebesgue measure or {|z| = l}. However, Theorem 1 is dependent on the fact that W' =(LX)* and this identification may fail for a non cr-finite measure [6] .
A standard proof of Theorem 2 reduces the case of an arbitrary measure to the case of a cr-finite measure [1, pp. 289-291] .
